Transport properties of a Luttinger liquid in the presence of several
  time-dependent impurities by Makogon, D. et al.
ar
X
iv
:c
on
d-
m
at
/0
60
61
48
v2
  [
co
nd
-m
at.
str
-el
]  
7 J
un
 20
06
Transport properties of a Luttinger liquid in the presen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We study the transport properties of a Luttinger liquid in the presene of several time-dependent
weak point-like impurities. Our starting point is the bosonized form of the Luttinger liquid Hamil-
tonian with a potential introdued by the impurities. We nd the orretion to the total urrent
due to the baksattering of the eletrons by the impurities in rst order of perturbation theory for
a general time-dependent impurity potential. We then apply this result to a single time-dependent
impurity, and show that it reprodues the result obtained by Feldman and Gefen in Ref. 7, in par-
tiular that the urrent enhanement ours only for strong repulsive eletron-eletron interations.
For the ase of two impurities osillating with the same frequeny, we nd a novel eet, namely, that
the d-omponent of the baksattering urrent is positive even for weak repulsive interations, due
to the presene of the interferene term indued by spatial orrelations in the Luttinger liquid. We
show that the impurity frequenies at whih the enhanement takes plae form a band-like struture.
In the ase of several impurities, the bands beome broader, beause of interferene eets.
PACS numbers:
I. INTRODUCTION
The eet of impurities on the transport properties
of low-dimensional systems has attrated a great deal
of attention during the last years. In a pioneer work,
Kane and Fisher showed that the transport of a one-
hannel Luttinger liquid through a barrier is strikingly
dierent from that in a Fermi-liquid onsisting of non-
interating eletrons.
1
Using a renormalization group
tehnique, they have shown that the behavior depends
ruially on whether the eletron-interations are repul-
sive or attrative. For repulsive interations, g < 1,
the barrier is relevant, and arbitrary small ones lead to
omplete reetion at zero temperature. On the other
hand, for attrative interations, g > 1, the barrier is
an irrelevant perturbation and transmission is perfet
through even the largest barriers. Non-interating ele-
trons (g = 1) exhibit a behavior intermediate between
these two limits beause in this ase the barrier is a
marginal perturbation.
Later, the resonant tunneling of a single-hannel inter-
ating eletrons through a double barrier was onsidered
and the time-dependene of the width of the resonanes
was disussed.
2,3
In addition, a Hall bar with two weak
barriers was proposed as an appropriate devie for mea-
suring the frational harge in the quantum Hall eet.
4
However, in all those works, the barriers were onsidered
to be stati.
Reently, the transport in a Luttinger liquid
in the presene of a time-dependent impurity was
onsidered.
5,6,7,8
The model may desribe a onstrited
quantum wire or a onstrited Hall bar at ν = 1/(2n+1)
with a time-dependent voltage at the onstrition.
9
In
partiular, Feldman and Gefen
7
have found an enhane-
ment of the ondutane beyond the value of the quan-
tum of ondutane, G0 = e
2/h, for strong repulsive
eletron-eletron interations, g < 1/2.
In this paper we study the eet of several time-
dependent barriers on the transport in an otherwise per-
fet one-hannel Luttinger liquid. We nd that due to
the interferene term between the impurities, the on-
dutane an be enhaned also for weak repulsive inter-
ations, 1/2 < g < 1. In the appropriate limits, our work
reprodues the previous known results for a single time-
dependent impurity,
7
and for several stati impurities.
4
The model is based on the bosonization formalism and
the alulations are performed using perturbation theory
and the Keldysh tehnique.
The struture of the paper is the following: in setion
II we present our model and derive a general expression
for the inrease of the d urrent beyond the quantized
value G0. We onsider only the baksattering ontri-
bution and restrit ourselves to the lowest order of the
perturbation theory, in whih, as it is well-known, for-
ward sattering has no eet on the ondutane of one-
dimensional systems. In setion III we ompare our re-
sults with the ones for a single impurity,
7
and in setion
IV we disuss the multi-impurity ase, with an emphasis
on the simplest ase of a double-barrier struture, where
the novel features are already present. Our onlusions
are drawn in setion V.
II. THE MODEL
In this setion we study the transport properties of a
one-dimensional quantum wire in the presene of several
time-dependent impurities loated at positions xp, p =
1, ..., N . We onsider spinless eletrons and onentrate
on the zero-temperature ase. Using the bosonization
2tehnique, the ation of the model reads
7,10,11
S =
∫
dtdx
{
1
8pi
[
(∂tΦˆ)
2 − v2F (∂xΦˆ)2
]
(1)
−
∑
p
δ(x− xp)Wp(t)
(
ei
√
gΦˆ(t,xp)eiω0t +H.c.
)}
,
where the bosoni eld Φ is related to the harge density
ρˆ = e
√
g∂xΦˆ/2pi, ω0 = eV/~ is the Josephson frequeny
assoiated with the external voltage V , Wp(t) is an arbi-
trary pumping funtion, whih ontrols the time depen-
dene of the impurity potential, vF is the Fermi veloity,
and g measures the strength of the eletron-eletron in-
terations. In the following, we set the Plank onstant
~ = 1 and the Fermi veloity vF = 1.
We begin our analysis by introduing the baksatter-
ing impurity operator
Bˆ(t) ≡
∑
p
Wp(t)e
i
√
gΦˆ(t,xp)eiω0t. (2)
The operator for the baksattering urrent then reads
Iˆbs = −iBˆ(t) +H.c. (3)
In order to nd the baksattering urrent at time t, we
must evaluate the expetation value
〈Iˆbs〉 = 〈0|S(−∞; t)IˆbsS(t;−∞)|0〉, (4)
where 〈0| denotes the initial state, and S is the sattering
matrix. To the lowest order in W,
S(t;−∞) = 1− i
∫ t
−∞
dt′[Bˆ(t′) +H.c.],
S(−∞; t) = S∗(t;−∞). (5)
Substituting then Eqs. (5) into Eq. (4) and keeping only
the terms of order W 2 and zero total harge we obtain
Ibs(t) =
∫ t
−∞
dt′〈0|Bˆ∗(t′)Bˆ(t)− Bˆ(t′)Bˆ∗(t) +H.c.|0〉,
(6)
where
〈0|Bˆ∗(t′)Bˆ(t)|0〉 =
∑
k,j
Wk(t
′)Wj(t)eiω0(t−t
′)Jkj ,
Jkj ≡ 〈0|e−i
√
gΦˆ(t′,xk)ei
√
gΦˆ(t,xj)|0〉
= eg〈0|Φˆ(t
′,xk)Φˆ(t,xj)|0〉. (7)
The Green funtion of the Bose eld reads
〈0|Φˆ(t′, xk)Φˆ(t, xj)|0〉 = − ln[δ + i(t′ − t+ xk − xj)]
− ln[δ + i(t′ − t+ xj − xk)],
where δ is innitesimal. Dening now the new variable
τ = t− t′, the baksattering urrent aquires the form
Ibs(t) =
∫ ∞
0
dτ [eiω0τ −H.c.]
∑
k,j
Wk(t− τ)Wj(t)
×{[δ + i(τ + xk − xj)]−g[δ + i(τ + xj − xk)]−g −H.c.}.
Beause δ has an innitesimally small value, Im{[(xk −
xj)
2 − τ2]−g} = 0, for |xk − xj | ≥ τ . In addition,
Im[(−1)−g] = Im[e−ipig] = − sinpig, and we eventually
obtain
Ibs(t) = C
∑
k,j
∫ ∞
|xk−xj |
dτ
sin(ω0τ)Wk(t− τ)Wj(t)
|τ2 − (xk − xj)2|g , (8)
where C = −4 sin(pig). Eq. (8) is one of the main results
of this paper. It yields in lowest order of perturbation
theory the baksattering urrent of a Luttinger liquid in
the presene of an arbitrary number of time-dependent
impurities, eah of them providing a sattering potential
dened by a funtion Wj(t).
We an progress further in the analytial alulation
of some spei examples by introduing a simplifying
assumption, namely, that the impurity potential is a pe-
riodi funtion of time, Wj(t) = Wj cos(Ωjt + ϕj). In
this ase, the numerator in the integral in Eq. (8) reads
sin(ω0τ)Wk(t− τ)Wj(t) = (WjWk/4)
× {sin [(ω0 − Ωk)τ + (Ωk +Ωj)t+ ϕk + ϕj ] (9)
+ sin [(ω0 +Ωk)τ − (Ωk +Ωj)t− ϕk − ϕj ]
+ sin [(ω0 − Ωk)τ + (Ωk − Ωj)t+ ϕk − ϕj ]
+ sin [(ω0 +Ωk)τ − (Ωk − Ωj)t− ϕk + ϕj ]} ,
indiating that in order to obtain a nonzero d-
omponent of the urrent, it is neessary to have at least
two modes with the same frequeny. Let us now dene
Fg(ω, x, ϕ) ≡ sin(pig)
∫ ∞
|x|
dτ
sin(ωτ + ϕ)
|τ2 − x2|g , (10)
whih an be expliitly evaluated, and reads
Fg(ω, x, ϕ) =
sin(pig)
23/2−g
∣∣∣ω
x
∣∣∣g−1/2{2Γ(1
2
+ g
)
Γ(1 − 2g)
× Jg−1/2(|ωx|)sgn(ω) cos[ϕ− sgn(ω)pig]
+ Γ
(
g − 1
2
)
Γ(2− 2g)J1/2−g(|ωx|) sin(ϕ)
}
,
where Jα(x) are Bessel funtions of the rst kind. As-
suming that the impurities osillate with the same fre-
queny, Ωk ≡ Ω, we nd that for eah term < k, j >
in the sum there is a ounterterm < j, k > with opposite
phase. Hene, the ontribution to the d urrent ontains
terms of the following form,
sin (ωτ + ϕ) + sin (ωτ − ϕ) = 2 sin (ωτ) cos(ϕ),
3yielding,
Idc = −
∑
k,j
WkWj cos(ϕj − ϕk) [Fg (ω0 +Ω, xk − xj , 0)
+ Fg (ω0 − Ω, xk − xj , 0)] . (11)
Therefore, the d omponent of the baksattering ur-
rent generated by a set of dynamial impurities osillat-
ing with a frequeny Ω an be expressed, in rst order of
perturbation theory, in terms of the d urrent for a set
of stati impurities
Idc =
1
2
[Ist(ω0 +Ω) + Ist(ω0 − Ω)], (12)
where the d urrent for a set of stati impurities reads
Ist(ω) = −
∑
k,j
WkWj cos(ϕj − ϕk)Fg (ω, xk − xj , 0) .
(13)
The above form of the d urrent generalizes the result
obtained by Feldman and Gefen in Ref. 7 for the ase
of one impurity. Eq. (13) extends the result obtained by
Chamon et al. in Ref. 4 for the d omponent of the
baksattering urrent generated by a set of stati impu-
rities. It is worth noting here that the funtion Ist(ω)
is odd, Ist(−ω) = −Ist(ω), and an be represented as a
produt of a dimensional fator and a funtion of dimen-
sionless variables ωxk, sine
Fg(ω, x, 0) ∼ |x|1−2g|ωx|g−1/2Jg−1/2(|ωx|). (14)
The dimensionless part remains invariant with saling
ω → ω′ = ωη, xk → x′k = xk/η, ∀k, (15)
whereas both urrents Ist and Idc sale with the dimen-
sional fator
Ist(ω, {xk})→ Ist(ω′, {x′k}) = η2g−1Ist(ω, {xk}). (16)
This leads to a onlusion that the inter-impurity sep-
aration an be xed without any loss of generality, i.e.,
the dependene of the d urrent on the inter-impurity
separation is the same as on the Josephson frequeny,
ω0, up to a fator, whih is a power of the distane be-
tween the impurities. Therefore, by xing the distane
between the impurities and onsidering the dependene
of the d urrent on the Josephson frequeny, we an also
obtain the dependene of the d urrent on the distane
between the impurities, as a onsequene of the saling
transformation, given by Eq. (15).
III. SINGLE TIME-DEPENDENT IMPURITY
This ase has already been disussed in the literature,
see Refs. 5,7. Here, we follow the notation of Refs. 7,10,
and alulate the d ontribution Idc to the total urrent
I = Idc + Iac, for the sake of ompleteness, as well as
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Figure 1: Idc versus ω0 for one stati impurity with U = 1.
(a) g = 1/4. (b) g = 3/4.
to show that our model orretly reprodues the well-
known limit. Dening Wj ≡ U and using Eq. (13), we
may express the d urrent for one stati impurity as
Ist(ω0) = −2U2Fg (ω0, 0, 0) , (17)
where the funtion Fg (ω0, 0, 0) an be determined using
asymptoti properties of Bessel funtions for small values
of the argument,
Ist(ω0) = −U2sgn(ω0)Γ(1− 2g) sin(2pig)|ω0|2g−1. (18)
This funtion is plotted in Fig. 1 for dierent values of the
interation strength, g, and we set U = 1. Using Eq. (12),
the d omponent of the baksattering urrent generated
by the presene of a single time-dependent impurity reads
Idc =
U2
2
Γ(1− 2g) sin(2pig)[(Ω− ω0)2g−1
− (Ω + ω0)2g−1], Ω > ω0, (19)
Idc = −U
2
2
Γ(1− 2g) sin(2pig)[(ω0 − Ω)2g−1
+ (Ω + ω0)
2g−1], Ω < ω0, (20)
whih is in agreement with Ref. 7, after replaing the
dimensionless variables by the dimensional ones. The
orretion to the ondutane may also be promptly eval-
uated,
∆G =
dIdc
dV
∣∣
V=0
=
e
~
dIdc
dω0
∣∣
ω0=0
, (21)
4whih yields
∆G =
eU2
~
(1− 2g)Γ(1− 2g) sin(2pig)Ω2g−2. (22)
The interesting result for the time-dependent single-
impurity ase
7
is that at strong repulsive interations,
g < 1/2, the baksattering urrent beomes positive for
Ω > ω0, thus leading to an inrease of the ondutane,
in omparison with the impurity-free value, G0 = e
2/h.
The a ontribution to the urrent may be analogously
alulated using
Iac = −U2 lim
d→0
[Fg (ω0 − Ω, d, 2Ωt) + Fg (Ω + ω0, d,−2Ωt)] ,
whih yields
Iac(t) = U
2Γ(1− 2g) sin(pig) cos(pig + 2Ωt)
× [(Ω− ω0)2g−1 − (Ω + ω0)2g−1], Ω > ω0,
Iac(t) = −U2Γ(1− 2g) sin(pig)[cos(pig − 2Ωt)(ω0 − Ω)2g−1
+ cos(pig + 2Ωt)(Ω + ω0)
2g−1], Ω < ω0.
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Figure 2: Idc versus ω0 for two stati impurities with L = 1
and U = 1. (a) g = 1/4. (b) g = 3/4.
IV. SEVERAL TIME-DEPENDENT
IMPURITIES ON A LATTICE
In this setion we rst onentrate on the simplest ase
involving more than one impurity, namely, the ase of two
time-dependent impurities separated by the distane L.
We onsider the ase when the two impurities osillate
with the same frequeny, Ω, and allow for a phase shift
between them. Let us rst analyze the d urrent ontri-
bution to the total baksattering urrent as a funtion of
the Josephson frequeny ω0 assoiated with the external
voltage V for two stati impurities (onsidered before by
Chamon et al. in Ref. 4 for g ≤ 1/2). In this ase, Eq.
(11) yields
Ist(ω0) = I
(1)
st (ω0) + I
(2)
st (ω0) + I
int
st (ω0), (23)
where the rst two terms are the d urrents for the single
impurity 1 and 2, respetively, given by Eq. (18), and the
interferene term reads
Iintst (ω0) = −4W1W2 cosϕFg (ω0, L, 0) . (24)
After inluding the funtions Fg dened in Eq. (10), we
obtain the expliit form of the interferene term
Iintst (ω0) = −2W1W2sgn(ω0) cos(ϕ)L1−2g (25)
× piΓ(1/2 + g)
21/2−gΓ(2g)
|ω0L|g−1/2Jg−1/2(|ω0L|),
where we used the following identity
sin(2pig)Γ(1− 2g)Γ(2g) = pi.
For small distanes ω0L ≪ 1 the ase of two impuri-
ties redues to the above-onsidered single impurity ase
with an eetive amplitude of the impurity potential
U2 = W 21 +W
2
2 + 2W1W2 cos(ϕ), whih results from the
asymptoti property of the Bessel funtion
lim
x→0
|x|1/2−gJg−1/2(|x|) =
21/2−g
Γ(1/2 + g)
. (26)
Let us now plot Eq. (23) to render the results more
visible. We rst onsider two impurities with equal am-
plitudes of the potential,W1 = W2 = U , and without the
phase shift, ϕ = 0, to simplify the problem. We plot in
Fig. 2 the d urrent for two stati impurities as a fun-
tion of ω0. In Fig. 2a, the interation strength, g = 1/4,
whereas in Fig. 2b g = 3/4. As it was argued above, x-
ing L = 1 does not lead to any loss of generality, sine the
value of the urrent for some other length an be obtained
by saling. Comparing Fig. 1 and Fig. 2 we an onlude
that the interferene term modies the d urrent in a
way that it beomes a non-monotonous funtion of the
external voltage. The d urrent for the two impurities
osillating with the same frequeny Ω an now be readily
obtained using the result for the stati impurities, Eqs.
(23) and (24), and Eq. (12), whih relates the urrent for
the dynamial and the stati impurities.
The dependene of Idc on Ω and ω0 an be better ob-
served in a 3D plot, see Fig. 3a. In Fig. 3b we seleted
only the positive ontribution in order to failitate the
visualization of the region where the novel eets arise.
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Figure 3: (a) Dependene of the d urrent on the Josephson
frequeny, ω0, and the impurity frequeny, Ω, for two impu-
rities with L = 1, U = 1, and g = 3/4. (b) the region with a
positive d urrent, Idc > 0.
Let us rst notie that the baksattering urrent en-
hanes the total urrent even for weaker (g > 1/2) repul-
sive interations, see Fig. 3b. The impurity frequeny at
whih this eet arises oinides with the Josephson fre-
queny at whih the urrent for the stati impurities has
a positive slope, see Fig. 2b. This result ontrasts with
the one obtained for the single time-dependent impurity,
where no positive ontribution exists for g > 1/2, sine
the d urrent for a single stati impurity monotonously
dereases with the Josephson frequeny, see Fig. 4a. On
the other hand, the presene of the interferene term in
the ase of two impurities gives rise to a more ompli-
ated non-monotonous behavior of the urrent with the
external voltage, whih leads to an enhanement of the
total urrent even for weak repulsive interations.
For illustrative purposes we onsider a partiular se-
tion of the 3D plot in Fig. 3a dened by the plane Ω = 3
for the novel ase where there is an inrease of the ur-
rent, namely, g = 3/4. The d urrent dependene on the
Josephson frequeny, shown in Fig. 4b, indiates that the
total urrent is inreased for small values of ω0. Beyond
a ritial value ω∗0 the urrent beomes negative, and at
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Figure 4: Idc versus ω0 for g = 3/4, Ω = 3, and U = 1. (a)
one impurity. (b) two impurities with L = 1.
ω0 = Ω a step an be observed.
This eet an be understood by onsidering the rela-
tionship between the d urrents for the time-dependent
and the stati impurities. Realling that Ist(ω) is an odd
funtion, we may rewrite Eq. (12) as
Idc =
1
2
[Ist(Ω + ω0)− Ist(Ω− ω0)]. (27)
For a positive d-omponent of the baksattering ur-
rent, Idc > 0, the previous equation implies
Ist(ω0 +Ω) > Ist(Ω− ω0). (28)
The odd funtion Ist(ω) is negative for positive argu-
ments, the inequality an thus only hold if Ω − ω0 > 0,
sine for Ω − ω0 < 0, the funtion Ist is positive,
Ist(Ω− ω0 < 0) > 0. In the one-impurity ase, the fun-
tion Ist(ω) monotonously inreases with ω for g < 1/2,
hene the inequality (28) holds for Ω > ω0, resulting
in a positive d urrent. On the other hand, for weak
repulsive interations, g > 1/2, the urrent Ist is a de-
reasing funtion of its argument, the inequality (28) is
not obeyed, and, onsequently, the d-omponent of the
baksattering urrent is negative. In the ase of two
impurities, the funtion Ist is non-monotonous even for
weak repulsive interations, g > 1/2, meaning that there
6are intervals of frequeny in whih the funtion Ist in-
reases. If the frequeny of the impurity belongs to one
of suh intervals, aording to Eq. (28), the total urrent
is inreased, at least for a small Josephson frequeny,
ω0 ≪ Ω. This eet arises as a onsequene of the in-
terferene term, given by Eq. (25), whih results from
the spatial orrelations in the Luttinger liquid that in-
uene the baksattering urrent due to the presene of
two point-like impurities.
In general, for any number of weak impurities, the d-
omponent of the baksattering urrent is positive, if for
some frequenies 0 < ω1 < ω2, the stati urrent obeys
Ist(ω1) < Ist(ω2). (29)
The orresponding positive value of the d urrent, a-
ording to Eq. (12), reads
Idc =
1
2
[Ist(ω2)−Ist(ω1)] = 1
2
[|Ist(ω1)|−|Ist(ω2)|], (30)
where the frequenies ω1 and ω2 are related to the
Josephson frequeny, ω0, and the frequeny of the im-
purity potential, Ω, as follows
Ω =
1
2
(ω2 + ω1), ω0 =
1
2
(ω2 − ω1). (31)
The riterium for a positive d-omponent of the
baksattering urrent, given by Eq. (29), implies that
there exists an interval of frequenies where the stati
urrent inreases. Then for the impurity frequeny, Ω,
belonging to suh an interval, and the Josephson fre-
queny ω0 ≪ Ω, using Taylor expansion of the stati
urrent, Ist, in Eq. (27) and keeping only the linear term
in Josephson frequeny, we obtain
Idc = I
′
st(Ω)ω0 +O(ω20). (32)
Therefore, in the ase of weak impurities when the expan-
sion to the lowest order of perturbation theory is valid,
the baksattering urrent is positive for any frequeny
of the impurity potential, Ω, suh that the stati urrent
has a positive slope, I ′st(Ω) > 0, and the Josephson fre-
quenies ω0 ≪ Ω. However, this is not the most general
situation, sine it may our, depending on the form of
the stati urrent, that for some frequeny Ω, the stati
urrent dereases, I ′st(Ω) < 0, but the frequeny ω0 is
suh that the inequality (28) is still obeyed.
Let us now return to the ase of two impurities, where,
as we will show below, the inrease of the total urrent
ours only for the frequenies of the impurity potential
at whih the stati urrent inreases. The stati ur-
rent in this ase is suh that for two onseutive loal
minima and loal maxima, ωmin1 < ωmax1 < ωmin2 <
ωmax2, it obeys Ist(ωmax1) > Ist(ωmin1) > Ist(ωmax2) >
Ist(ωmin2), see Fig. 2b. Then, the maximal urrent en-
hanement reads
Idc =
1
2
[Ist(ωmax1)− Ist(ωmin1)]. (33)
The orresponding frequeny of the impurity potential
and the Josephson frequeny are given by Eq. (31) with
ω1 ≡ ωmin1 and ω2 ≡ ωmax1. In the ase of two impuri-
ties, the urrent enhanement Idc > 0 ours only for the
impurity frequenies Ω suh that I ′st(Ω) > 0, sine the
stati urrent dereases faster than it inreases. More-
over, due to the quasi-periodiity of the funtion Ist, eah
interval of frequenies where I ′st(Ω) > 0 is followed by an
interval with I ′st(Ω) < 0 in whih the urrent enhane-
ment never ours. Therefore, the set of impurity fre-
quenies suh that the d-omponent of the baksatter-
ing urrent is positive has a band-like struture. Finally,
for a xed impurity frequeny, the maximum value of the
Josephson frequeny, ω∗0 , for whih is possible to observe
the urrent enhanement is limited to the maximal ω0
suh that Ist(Ω− ω0) = Ist(Ω + ω0).
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Figure 5: Idc versus ω0 for N = 20 stati impurities homoge-
nously distributed on a lattie with the length L = 1 and with
the phase shift ∆ϕ, for g = 3/4 and U = 1. (a) ∆ϕ = 0. (b)
∆ϕ = pi/10.
We now disuss the d urrent for N time-dependent
impurities homogeneously distributed on a lattie, and
separated from eah other by the distane d = L/(N−1),
in the ase of weak repulsive interations, g > 1/2. Sine
the d urrent for the dynamial impurities is related to
the urrent for the stati ones, Eq. (12), in the following
we only onsider the latter. In this ase, the urrent on-
sists ofN single-impurity ontributions and an additional
term, whih is a sum of the interferene urrents over all
possible pairs of impurities. The interferene term of a
7pair of impurities, loated at xj and xk, given by Eq. (24),
is quasi-periodi in frequeny with period 2pi/|xj − xk|.
As we disussed above, the values of the impurity fre-
queny where an inrease of the d-urrent ours form
a band-like struture, and thus the values of Ω for whih
Idc > 0 in the ase of N impurities are determined from
the overlap of the bands for eah pair of impurities. This
overlap ours within the frequeny range determined by
the widest band formed by the pairs of impurities, whih
is the one for the two nearest-neighboring impurities, and
thus has the period 2pi/d. The frequeny dependene of
the d urrent is displayed in Fig. 5a for N = 20 im-
purities homogeneously distributed on a lattie with the
length L = 1. It shows that the frequeny region with
positive d urrent is approximately 20 times larger than
in the ase of two impurities, in agreement with the above
arguments. Finally, in Fig. 5b we observe that a nite
phase shift between the impurities leads to the appear-
ane of a new region where the funtion Ist(ω0) inreases,
and thus generates new bands with a positive d ompo-
nent of the baksattering urrent.
V. CONCLUSIONS
In this work, we studied the transport properties of
a Luttinger liquid in the presene of several weak time-
dependent point-like impurities. Our approah is based
on the bosonized version of the Luttinger liquid Hamilto-
nian, in whih we onsidered the urrent of the eletrons
baksattered by the impurities in lowest order of pertur-
bation theory. We rst found the baksattering urrent
indued by a set of weak impurities with an arbitrary
time-dependent potential, and we then onentrated on
the partiular ase of a periodi potential. The obtained
form of the d urrent for several impurities osillating
with the same frequeny, given by Eq. (11), generalizes
the result for a single dynamial impurity obtained by
Feldman and Geen in Ref. 7. Moreover, we showed that
the d urrent generated by a set of time-dependent im-
purities with a frequeny Ω in the presene of an external
voltage ω0 = eV/~ redues to the sum of the urrents for
stati impurities subjeted to an external voltage |ω0±Ω|,
as desribed by Eq. (12). This result enabled us to re-
due the problem of alulating the d urrent of the
dynamial impurities to the one of the stati impurities.
We applied the result for the baksattering urrent to
a single time-dependent point-like impurity, and showed
that it reprodues the result obtained by Feldman and
Gefen, i.e., that the urrent enhanement is only possi-
ble for strong repulsive interations, g < 1/2. We then
onentrated on two dynamial impurities. In this ase,
the presene of spatial orrelations in the Luttinger liq-
uid leads to a non-monotonous behavior of the stati ur-
rent, whih, in turn, gives rise to a positive d-omponent
of the baksattering urrent even for weak repulsive in-
terations, g > 1/2. Using the form of the d urrent
for a set of dynamial impurities in terms of the or-
responding stati urrents, given by Eq. (12), we found
that for two dynamial impurities the urrent enhane-
ment ours only for the values of the impurity frequeny
for whih the stati urrent (13) has a positive slope,
I ′st(Ω) > 0. Due to the quasi-periodi form of the stati
urrent for two impurities, the values of the impurity fre-
queny for whih the total urrent is enhaned form a
band-like struture. Finally, we onsidered several impu-
rities homogeneously distributed on a lattie, and found
that an inrease of the total urrent also ours for weak
repulsive interations, g > 1/2. The frequenies of the
impurity potential at whih the inrease takes plae have
a band-like struture, as in the ase of two impurities,
but the width of the band sales with the number of im-
purities, for a xed length of the lattie.
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